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ABSTRACT

Multi-label learning aims to predict a subset of relevant labels for
each instance, which has many real-world applications. Most extant
multi-label learning studies focus on a fixed size of label space. How-
ever, in many cases, the environment is open and changes gradually
and new labels emerge, which is coined as streaming multi-label
learning (SMLL). SMLL poses great challenges in twofolds: (1) the
target output space expands dynamically; (2) new labels emerge
frequently and can reach a significantly large number. Previous
attempts on SMLL leverage label correlations between past and
emerging labels to improve the performance, while they are in-
efficient when deal with large-scale problems. To cope with this
challenge, in this paper, we present a new learning framework,
i.e., the probabilistic streaming label tree (PsLt). In particular, each
non-leaf node of the tree corresponding to a subset of labels, and a
binary classifier is learned at each leaf node. Initially, PsrT is learned
on partially observed labels, both tree structure and node classifiers
are updated while new labels emerge. Using carefully designed
updating mechanism, PsLT can seamlessly incorporate new labels
by first passing them down from the root to leaf nodes and then
update node classifiers accordingly. We provide theoretical bounds
for the iteration complexity of tree update procedure and the esti-
mation error on newly arrived labels. Experiments show that the
proposed approach improves the performance in comparison with
eleven baselines in terms of multiple evaluation metrics. Anony-
mous source code is available at https://gitee.com/pslt-kdd2021/pslt.
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1 INTRODUCTION

Multi-label learning (MLL) [7, 37] aims to annotate objects with the
relevant labels from an extremely large number of candidate labels.
MLL recently owns many real-world applications. For example,
in webpage categorization [17], labels (categories) are collected in
Wikipedia and one needs to annotate a new webpage with all rele-
vant labels from such a big candidate set; in image annotation [4],
one wishes to tag each individual picture with multiple labels from
such a candidate label set; in recommendation systems [14], one
hopes to make informative personalized recommendations from a
candidate set of items (labels).

Most extant multi-label learning studies focus on a fixed set of
labels [1, 13, 20, 26-29, 34, 36, 37]. That is, they assume that all the
labels in the learning process are given at once. In the opposite,
this paper investigates an important problem in data streams, i.e.,
multi-label classification under streaming emerging labels, since in
many real-world applications, the environment is open and changes
gradually. For instance, in webpage categorization, new labels (cat-
egories) are created for historic events in Wikipedia, such as the
“2022 Winter Olympics”; in recommendation systems, many new
labels (items) are becoming available to users. If multi-label models
do not take new labels into account, it deteriorates the performance.

The main challenges of SMLL are in twofolds: (1) the target out-
put space expands dynamically; (2) new labels emerge frequently
and can reach a significantly large number. To cope with these
problems, one of previous work SLL [33] assumes that each label
can be represented as a linear combination of other labels and it
learns a linear classifier for each new label incorporating the rela-
tionship with past labels. However, the linear representation across
labels limits the SLL performance, and the training knowledge from
classifiers of past labels is neglected. Recently, DSLL [25] proposes
a novel DNN-based framework to effectively model the emerging
new labels. DSLL has the ability to explore and utilize deep correla-
tions between new labels and past labels without computationally
intensive retraining. However, DSLL learns a separate model for
newly arrived labels based on initial teacher model and has diffi-
culties to deal with large-scale problems. Additionally, a unified
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model is desired in many cases, which evolves using emerging data
stream.

In this paper, we propose a tree-based streaming multi-label
learning framework, i.e., the Probabilistic Streaming Label Tree
(PsrT), which can seamlessly take advantage of emerging new labels.
In PstT, labels are organized in the tree with the hope of capturing
hierarchical correlations among labels. Our algorithm works by
first partitioning the label space, such that each label corresponds to
aleaf of the tree. In particular, a clustering algorithm is employed to
determine the partition of labels and PsrT learns a binary classifier
for each child node for the purpose of inference. This procedure
repeats recursively until the stop condition is meet. While dealing
with emerging labels, PsLT evolves itself by considering both tree
structure and node classifiers. It first performs the label insertion
procedure which passes new labels from the root to leaf nodes
guided by label proximity. Noted that if the size of a leaf node
meets the size limit, an additional partition is triggered. After label
insertion, node classifiers are learned or modified using emerging
labels. In the experiments, we observe that PSLT outperforms eleven
baselines on several datasets and it is far more effective than the
deep learning based method DSLL. We demonstrate the studied
SMLL setup in Figure 1.

We summarize our main contributions as follows.

e We study a general problem setup, i.e., the streaming multi-
label learning. A new framework based on the probabilistic
label tree is proposed to effectively update the model by
leveraging label correlations.

o Analyses on the iteration complexity of the model update
procedure and estimation error on emerging labels are pro-
vided. Memory complexity of the model is also presented.

o The proposed approach achieves state-of-the-art performance
in comparison with eleven baselines in terms of multiple per-
formance metrics on four benchmark multi-label datasets.

The rest of the paper is organized as follows. Section 2 introduces
the previous related work. Section 3 gives the problem and describes
the proposed framework in detail. Section 4 presents the theoretical
analysis. Section 5 presents the experimental results validating the
model and providing several insights. We conclude in Section 6.

2 RELATED WORK

Tree-based Multi-label Learning. Most extant multi-label learn-
ing approaches focus on fixed label space. Tree-based methods
greatly reduce inference time, which generally scales logarithmi-
cally in the number of labels. There are typically two types of trees
including instance trees [18, 21] and label trees [3, 10, 32], depend-
ing whether instance or label is partitioned in tree nodes. These
methods can readily scale up to problems with hundreds of thou-
sands of labels. Recently, OPLTs [8, 9] is proposed to learn in the
online manner. In OPLTs, new labels traverse down from the root
to leaves by randomly choosing a child node or calculating score
that maximizes balancedness of tree and fitness of data, in which
label correlations are neglected.

Learning with Emerging Classes. One of previous work SLL [33]
assumes that: (1) a label is represented as a linear combination of
other labels, and (2) the relationship (linear combination) between
labels can be inherited by classifiers of different labels. Constrained
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Figure 1: Illustration of the streaming multi-label learning
setup. At each timestamp T;, the label matrix is expanded by a
batch of emerging new labels, where each row represents the
label vector for a sample and +1s or —1s respectively denote
labels are relevant or irrelevant to the sample. M; denotes
the model at time T; which evolves from M;_; such that its
output label space expands accordingly. We use tree-based
models for the purpose of demonstration.

by these hypotheses, SLL trains a linear classifier for new labels
with the relationship between past labels and new labels. However,
the linear representation across labels limits the SLL performance,
and the training knowledge from classifiers of past labels is ne-
glected. To alleviate this issue, DSLL [25] propose a novel DNN-
based framework to effectively model the emerging new labels by
using leveraging knowledge of previous trained model to learn
high-order representations. From the point of view that new classes
are outliers, [38] and [15] use anomaly detection to detect new
classes and update models with emerging data, this is different
from the streaming multi-label learning. [39] further extends this
problem to semi-supervised learning for the presence of unlabeled
samples in emerging data. In this paper, we show that it is natural
and efficient to incorporate emerging new labels in the probabilistic
label tree framework, which takes advantage of label correlations
in the meanwhile.

3 PROBABILISTIC STREAMING LABEL TREE

3.1 Problem Formulation

We first introduce the streaming multi-label learning setup and
some notations. Suppose that an initial training data set is denoted
by D = {(x1,11);...; (xn,yn)}, where x; € RP is a real vector
representing an input feature (instance) and y; € {0,1} is the
corresponding output label vector for the i-th example. The input
feature matrix is denoted as X = [x1;...; xn] € RP*N and the initial
output label matrix is Y = [y1;..;yn] € {0, 1}2%N Note that, Yij =
1 if the j-th label is relevant to sample x; and Y;; = —1 otherwise.
By observing O, multi-label learning aims to derive a proper model
that generates the prediction for a test sample. Then new labels
arrive batch by batch in a streaming fashion. For simplicity, we
denote y*v = [y{‘“; ...;yl“m] as the newly observed m labels
for sample x;, where m > 1. The goal of streaming multi-label
learning is to derive a unified model by taking care of the continually
emerging new labels. We summarize definition of notations used
in the rest of this paper in Table 1.
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Table 1: Notations.

Notations Definition

N size of training set

D feature dimension

L size of label set

X e RNXD feature matrix, X = [x1;...;xn]

Y € {0,1}N%L  label matrix, Y = [y1;...;yn]

\4 label representation matrix, V = [v1;...;0r]
l; the j-th label

T a probabilistic streaming label tree

K branch factor for tree node

Vr the set of nodes of T

Lr the set of leaf nodes of T

rr the root of T

L, number of leaf nodes in the subtree rooted at v
Path(v) set of nodes in the path from root to node v
cy the set of labels in node v

weRD node classifier

m number of emerging new labels

3.2 Tree Construction

In this subsection, we describe the procedure of building probabilis-
tic streaming label tree. Our approach processes one node of the
tree a time, starting with the root node. At each non-leaf node, it
partitions the labels into a fixed number of disjoint subsets as child
nodes and learns a binary classifier for each of the children for the
purpose of inference. The procedure might repeats multiple times.

Label Representation. During label partitioning, representa-
tions for labels are necessary, based on which label proximities are
calculated. Ideally, labels with similar semantic meaning are desired
to be grouped in same clusters. Since label semantic representations
are usually unaccessible in many real-world applications. To this
end, we provide a simple and effective walk around. Specifically,
label representations are constructed by averaging all the train-
ing examples for which it is relevant to the corresponding labels.
Formally, the label representation matrix V = [0y;...;vr] is given
as V = YT X. Using the mean vector of positive instances as label
representation has been used in many research fields, e.g., few-shot
learning [22], which has demonstrated adorable performance.

Label Partitioning. The aim of label partitioning is to split S
into disjoint subsets by taking label similarity into account. This is
achieved by k-means clustering, which also presents many choices
such as number of clusters and degree of balancedness among the
clusters. The same process is repeated on each of the newly-created
K child nodes in an iterative manner. Let ¢ denotes the set of labels
of the k-th cluster, the objective function of label partitioning can
be formulated as

K

o D, D, dist (o5 ) (1)

k=1i€ck

where dist (-, -) represents a distance function and pj. denotes the
center of the k-th cluster. The distance function is defined in terms

of the cosine similarity as dist (v;, ) = 1— Wﬁ’;k” Problem (1)
13
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is NP-hard and an approximate solution can be found using the
standard K-means algorithm [12].

Learning Node Classifiers. Once the label space is partitioned
into a tree structure, we learn a K-way One-vs-All classifier [6, 34]
at each node of the tree. These classifiers are learned independently
by considering only the training samples that have at least one
positive label in the current node labels. We distinguish the leaf
nodes and non-leaf nodes in the following way: (i) for non-leaf
nodes, the classifier learns K linear classifiers separately, each maps
to one of the K children. During prediction, the output of each
classifier determines whether the test point should traverse down
the corresponding child. (ii) for leaf nodes, the classifier learns to
predict the actual labels on the node. The One-vs-All procedure
is shown as ONE-VS-ALL in Algorithm 1. Formally, at each node,
we consider the following optimization problem for learning linear
classifier for each of the K child:

N
min f (y.w) = R W) +C ) € (yisw " i), @)
i=1

where {x;, y; }fi , are constructed training data for a particular child
node. For non-leaf nodes, y; = +1 iff at least one relevant label of
x; is in the child node, otherwise —1. For leaf nodes, y; denotes
the true label of x; with respect to label /j. Concretely, if squared
hinge loss, i.e., (y,§) = max (0,1 —y - g)z, and Ly-regularization,
ie, R(w) := ||w| |%, are used, the objective of linear SVM becomes,

N

m&}nf(y,w) = ||w||%+CZmax (O,I—yinxi)z. (3)
i=1

The above problem can be readily solved using off-the-shelf LIB-
LINEAR [5] which generally scales linearly with the number of
training samples.

Algorithm 1 TSLLTRAIN(X, Y, £, V. K, dmax)

: n = new NODE
n.L=[L]
: 7.0 = ﬁ ZieL Vi
C1,...,CK = K-MEANS(L, V, K)
fori=1,...,Kdo
child. L =c;
child.v = ﬁ Siee Vi
n.Ch=10
if dpyax > 0 then
n.isLeaf = FALSE
child = TRAIN(¢;, V, K, dmax — 1)
n.Ch = n.Ch U {child}
else
n.isLeaf = TRUE
15: n.W = ONE-VS-ALL(X,Y,n.L)
16:  endif
17: end for
18: return r
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(c) Variant 2: A re-partition of internal
node Sg is conducted after inserting
emerging label ys.

Figure 2: Two variants of tree extension for an emerging new label ys. Nodes in gray indicate the modification of their node
classifiers. We use w and w to denote the previous and modified classifier weights, respectively.

3.3 Inference

With the tree structure and node classifiers learned in the above
manner, testing points are passed down from the root to leaf nodes.
Typically, at each node, the testing point x is evaluated by K binary
classifiers corresponding to K child nodes. Let z, = I (Z jec, Uj 2 1)
denotes at least one relevant label of x is in the node labels ¢;, pro-
vided that the true label y of x is observed. Then, it holds based on
the chain rule that for any node v € Vr:

No(x) =P(zp=1|x) = n(x,0'), (4)

o’ €Path (o)

where Path(v) denotes the path from root to node v and n(x,v) =
P (zZJ =1 2pa(o) = l,x) for non-root nodes, where pa(v) denotes
the parent node of v, and n(x,v) = P(z, = 1 | x) for the root. With-
out loss of generality, we have (x, rr) =P (er =1] x) =1, that s,
x is relevant to at least one label in the root labels. To calculate Equa-
tion (4), P (zz, =11 2pao) =1, x) is estimated by node classifiers of
v. Notice that for leaf nodes we get the conditional probabilities of
labels, that is, n; (x)=P(yj=1|x),Vlj € Lrandj € [L].

3.4 Tree Update

In this subsection, we describe the way of updating pre-trained tree,
which involves two parts, i.e., label insertion and node classifier
modification.

Label Insertion. While inserting a new label y"¢", we first
calculate its representation from observed positive samples, which
is hereby denoted as 0™¢". Then y™¢"
from root of T. The passing direction is decided by the similarity

is traversed downwards start

between y™¢" and child nodes. In specific, the most proximate child
node j is obtained by
ol oew
Jj=argmin ————. (5)
icix] oIl lloill

We use cosine similarity as the proximity measure which is in
consistent with the label partitioning procedure while building the

tree. The label insertion procedure is done recursively until a leaf
node is reached. To take case of newly arrived labels, we update
node labels by inserting the new label to nodes which it passes
by and node representations are updated accordingly. To do this
on-the-fly, sum of representations of labels is maintained and the
summation is updated by each newly arrived label. Note that it is
not desired to have too many labels in a single leaf node because
the time complexity of training a K-way One-Vs-All classifier is
linear in the number of labels. To this end, the leaf node is further
partitioned when the node label size meets a threshold. We illustrate
two tree variants in Figure 2.

Node Classifier Modification. With emerging new labels in-
serted in proximate tree nodes, it is desired to update the node clas-
sifiers using collected data related to new labels. However, training
classifiers for each node from scratch is computational prohibitive.
We update node classifiers using previous trained ones as initializa-
tion. In particular, for node v, we use each of its K classifier w for
initialization as w = w and update w using newly arrived samples
via gradient-based optimization methods. After that, w is substi-
tuted by w for future use. For the newly inserted label, a binary
classifier is desired for the purposed of inference.

4 THEORETICAL ANALYSIS

In this section, we first show that the node classifier modification
procedure can be done effectively with an iteration complexity
bound. Then, we establish an estimation error bound, which guar-
antees the learning performance of the tree. Finally, we analyze the
total time and memory complexities of the proposed approach.

4.1 Analysis on the Iteration Complexity of
Node Classifier Modification

With a little bit of notation abuse, Let y be meta-label vector used to
train w and g be the modified label vector after inserting new labels.
We further denote the discrepancy between y and g as f7(y,g) =
Z{i 1 I(y; # ), and derive an upper bound for the classifier update
procedure for tree node as follows.



Probabilistic Label Tree for Streaming Multi-Label Learning

Algorithm 2 TSLL.PREDICT(rr, x)

1: Q =0
2: Q.add((rr,1))
3: ‘g =0

4: while Q # 0 do

5. (0,70(x)) = Q.pop()

6 if v.isLeaf then

7: Uy = fio(x)

8 else

9 for child € v.Ch do

10: Achitd (%) = g(0. W, %)

11: Q.add((child, Uu(x) X fichitd (%))
12: end for

13: endif
14: end while
15: return g

Algorithm 3 TSLL.UPDATE(n, y"¢", o"¢", A)
1: if n.isLeaf then

2 nL=nLU{y*"}

3 W'Y = trainBinaryClassifier(y™¢")
4 nW=nWU{w""}

5. else

6: cosim=0

7. nextCh = NONE

8:  for child € n.Ch do e

9: cosim’ —HC}lelllalldUzljl ﬁv”eWH

10: if cosim’ > cosim then

11: cosim = cosim’

12: nextCh = child

13: end if

14:  end for

15 forw € n.W do

16: Initialize w = n.w

17: Solve subproblem by A using y"*¢" and w
18: Setnw =w

190  end for
20:  UPDATE(nextCh, y™¢™, 0%, A)
21: end if

LEMMA 1. Assume £(-) in Problem (2) is a-Lipschitz and the op-
timal solution before and after incorporating emerging labels bew*
andw™ respectively, which satisfy |lw*||2 < B and ||[w*||2 < B. Then

N
F@Gw) = f(§#") < 4CaB Y 1(G; = 1) Al(y; = -1)
i=1
To go a step further based on Lemma 1, we develop the following
theorem to show that we could significantly reduce runtime upper
bound with the initialization.

THEOREM 1. Assume £(-) is a-Lipschitz and we have a solver A
with sublinear convergence rate that can solve each subproblem k
o)~ (oe9;)

7 iterations. We can

with € precision in T = O

bound the total number of iterations of the node classifier modification
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Sry b (k) Ay g
procedure by Typa1 = 2115:1 T, =0 (%) - O( e )

where Ay = Zﬁl I(g; = 1) AI(y; = —1). However, under a naive

zeros initialization withﬁzz = 0, the upper bound is Ty = 2115:1 Ty =
NK
o (2K).

4.2 L, Estimation Error Bound

In addition to the effectiveness of node classifier modification, we
are interested in multi-label classifiers that estimate conditional
probabilities of labels, n; = P(y; = 1 | x),j € [m], as accu-
rately as possible, that is, with possibly small L;-estimation error,
|17j (x) = 7jj (x)| According to [8], we show that the weighted ex-
pected L estimation error averaged over all labels can be bounded
by a weighted sum of expected L; error of node classifiers divided
by the number of labels.

THEOREM 2 (EsTIMATION ERROR BOUND [8]). For any tree T,
distribution P(x,y), a set of emerging new label {x;, y**}T , the
expected L1 estimation error bound holds:

% Z Exp(x) [Inj(x) = ()]

< = Z |~£U|P(zpa(u) = 1)Ex~]P’(x\z

pa()=1) [In (x.0") = (x.0")]]
Z)E(V

where for the root node P(zpq(r;) = 1) = 1.

4.3 Time and Memory Complexity Analysis

In this subsection, we provide bounds for the time and memory
complexities of PsLT.

LEMMA 2. Under the case specified in Theorem 1, for an emerging
new label set {y}°"'}1"  and ak-ary treeT, the time complexity of the

tree update is bounded by O (m (dKD + dK Y+ ND) + |.£T|rtKD).
Proor. The tree update time complexity of a new label y7*" is
the sum of the complexities of the label insertion, existing node
classifier fine-tuning, and the training of its classifier. On label
insertion, y?ew traverses from the root to a leaf node with at most
d steps where d is the depth of the tree T. At each step, cosine
similarity between the representation of y'*" and tree node is
calculated with time complexity of O(dKD) where D is the number
of non-zero features of node representations on average. The second
part involves fine-tuning node classifier along the path. It is obvious
to see that at most dK node classifiers need to be updated. As stated
in Theorem 1, a good estimation of best parameters can be obtained
inAyg = Zfil I(gi = 1) Al(y; = —1) iterations, where A, ; denote
the averaged discrepancy between y and g in the path. Hence the

time complexity reaches O(dK ¥). Additionally, to train a new
classifier for y'¢", O(ND) is afford for a linear classifier. Lastly, we
consider the time complexity when leaf node partition is triggered
during label insertion. In the worst case, all leaf nodes with size | L7|
meet the set node labels threshold 7, which leads to time complexity

0 (l.ﬁﬂrtKD). Overall, the total time complexity of tree update
procedure gives O (m (dKﬁ + dK% + Nb) + |.£T|TtKﬁ). o
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Table 2: Statistics of datasets.

Dataset ‘ Domain #Train #Test #Feature #Label
MirFlickr | image 10,417 2,083 1,000 38
Delicious web 12,920 3,185 500 983
EURlex text 15,479 3,869 5,000 3,993
Wikil0 text 14,146 6,616 101,938 30,938

LEMMA 3. Under the case specified in Lemma 2, if the K-ary
tree T is balanced, the tree update time complexity is bounded by

o) (m (KD logg L+ K242 loge L+ ND) + |£T|rt1<b).

ProorF. Given that T is balanced, we have its depth d = logg L
which is small if a wide tree is constructed (K = 100 in our imple-
mentation). The rest part the bound is the same as Lemma 2. O

PrROPOSITION 1. The memory complexity of a K-ary tree T is
bounded by OO ((K +1) (|Vy| - |L7]) D + |LT|D) where |Vr| is

the total number of nodes and | L] is the number of leaves in T.

Proor. Each internal node of T stores the mean vector of its
associated label representations and K classifiers corresponding to
K child nodes. Moreover, each leaf node of T stores the classifiers of
corresponding labels. Firstly, let |'Vr|— | L1| be the number of inter-

nal nodes of T. Consequently, it takes O ((|‘VT| — Lt D) to store

the mean representations and O (K (Vrl - 1LrD) ﬁ) to store node
classifiers. In addition, as the number of leafs equals | L], it takes

0 (|.£T|ﬁ) to store label classifiers on average. In total, the space

complexity of T is given as O ((K+ D (Ve -1 Lr) D+ |.£T|ﬁ).
a

5 EXPERIMENTS

In this section, we conduct extensive experiments to evaluate the
performance of our proposed approach ( PsLt) and compare with
eleven baselines using various multi-label learning metrics.

Datasets. We perform experiments on four multi-label datasets
which are publicly available from the XML repository. Detailed
statistics are summarized in Table 2, where L denotes average labels
per sample and D denotes average non-zero features per sample.!

Baselines. In our experiments, we compare the proposed meth-
ods with ten well-established or state-of-the-art multi-label learning
algorithms:?

e Binary Relevance (BR) [34] is a set of m independent logistic
regression classifiers.

e Classifier chains (CC) [19] transforms the multi-label learn-
ing problem into a chain of binary classification problems to
incorporate label dependencies.

e RAKEL [24] considers a set of k labels in a multi-label train-
ing set as a new single-label classification task.

!Datasets are available at the Extreme Classification Repository and
https://github.com/chihkuanyeh/C2AE
2The codes of baseline methods are provided by the authors or scikit-multilearn [23]
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e ML-kNN ([36] identifies each unseen instance’s k nearest
neighbors in the training set and utilizes the maximum a
posteriori principle to determine the label set.

e SLEEC [2] is a well-known embedding-based method, which
learns the label embedding by preserving the pairwise dis-
tances between a few nearest label neighbors.

e SML [11] is the state-of-the-art embedding-based method,
which further improves the convergence rate of SLEEC.

e SLL [33] is a streaming label learning method, which assumes
linear relationships between past labels and new labels.

e Deep-ML [35] introduces a shallow neural network as the
multi-label model trained to minimize a ranking loss. Here,
we deepen the network to boost performance.

e DNN-BCE [16] makes use of ReLU, AdaGrad, Dropout, and
other deep learning techniques to train a DNN-based model.

e C2AE [31] is the state-of-the-art deep learning method for
multi-label classification, which integrates the DNN archi-
tectures of canonical correlation analysis and auto-encoder
to learn the deep latent space.

e DSLL [25] is the state-of-the-art deep learning method for
streaming multi-label classification, which integrates the
knowledge distillation techinque.

Evaluation Metrics. The predictive accuracy of multi-label
learning can be evaluated in different ways. Bipartition-based met-
rics assess a model’s ability to predict sets of labels, whereas ranking-
based metrics evaluate MLL methods, which instead produce rank-
ings of labels. Therefore, our proposed method was evaluated in
terms of both bipartition-based metrics, i.e., Hamming loss, macro-
F1, micros-F1, and instance-F1, and ranking-based metrics, i.e.,
Precision@k, coverage, ranking loss, average precision (AP), macro-
AUC, and micro-AUC [30]. The details of these metrics can be
referred in Appendix C.

Settings. To handle newly arrived labels, we investigated the
models with different batch sizes following previous settings [33].
In particular, for each dataset, we selected randomly 50% (e.g., 483
on Delicious) labels as past labels and constructed a classifier for
the past labels. Then, the remaining labels were treated as new
labels with different batch sizes. MLL methods can be extended
to handle these new labels through independent modeling. More
detailed settings are provided in the Appendix C.

5.1 Results with Emerging New Labels

In this part of experiments, we evaluate PSLT and comparison meth-
ods on newly arrived labels. For each method, it either learns a
classifier on new labels separately or by incorporating information
from previously learned model. After that, performance on new
labels of each model is evaluated using test data.

Ranking performance evaluation. First, we evaluate PSLT and
comparison methods with respect to the ranking-based metrics. Due
to the limited space, we report results for two measures, i.e., micro-
AUC and ranking loss, in Table 3. Additional results for Precision@k,
AP and coverage are reported in Appendix D. Regarding micro-AUC,
it can be seen that PsLT achieves the best performance in 17 out of 20
cases. In the other three cases, PsLT achieves the second best results
with a minor gap between DSLL. For ranking loss, PSLT outperforms
the others in 11 cases. Note that conventional multi-label learning
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Table 3: Ranking performance of each comparison method for learning new labels with different batch size (denoted by #label)
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by treating 50% labels as past labels. |(T) means the smaller (larger) the value, the better the performance.

Datasets #label ‘ micro-AUC T
‘ BR CC RAKEL ML-AKNN SLEEC SML SLL Deep-ML DNN-BCE C2AE DSLL PsiT

3 0.6589 0.5049 0.6572 0.6296 0.5476 0.6123 0.7291 0.7448 0.7592 0.8051 0.8122 0.9070
6 0.7100 0.5045 0.7187 0.6624 0.6400 0.6959 0.8388 0.8476 0.8606 0.8628 0.8713 0.8909
MirFlickr 9 0.7311 0.5071 0.7170 0.6754 0.7001 0.7331 0.8671 0.8692 0.8778 0.8890 0.8972 0.9174
12 0.7151 0.5057 0.7223 0.6692 0.6862 0.7116 0.8630 0.8600 0.8763 0.8807 0.8886 0.8974
15 0.7157 0.5051 0.7253 0.6611 0.6805 0.7015 0.8624 0.8584 0.8787 0.8749 0.8873 0.8900
100 0.7133 0.5658 0.6382 0.5707 0.7813 0.8274 0.7981 0.8776 0.8615 0.8545 0.8820 0.8889
200 0.7080 0.5606 0.6400 0.5692 0.7815 0.8258 0.7956 0.8626 0.8677 0.8321 0.8888 0.8965
Delicious 300 0.7177 0.5719 0.6493 0.5925 0.7941 0.8387 0.8068 0.8792 0.8655 0.8777 0.9037 0.9014
400 0.7159 0.5705 0.6515 0.5916 0.7964 0.8141 0.8059 0.8736 0.8909 0.8656 0.9048 0.8968
500 0.7144 0.5679 0.6445 0.5868 0.7926 0.8124 0.8030 0.8762 0.8697 0.8657 0.9011 0.8934
200 0.6936 0.7308 0.7015 0.6255 0.8591 0.8216 0.8813 0.8130 0.8201 0.8561 0.8884 0.9731
400 0.6738 0.7294 0.6821 0.6228 0.8481 0.8611 0.8905 0.8257 0.8423 0.8633 0.8928 0.9760
EURIex 600 0.6769 0.7321 0.6743 0.6256 0.8547 0.8735 0.8995 0.8218 0.8472 0.8414 0.9001 0.9758
800 0.6825 0.7349 0.6575 0.6283 0.8548 0.8775 0.9016 0.8289 0.8491 0.8637 0.9034 0.9769
1000 0.6733 0.7361 0.6708 0.6258 0.8406 0.8691 0.9115 0.8246 0.8431 0.8456 0.9106 0.9773
1k 0.6293 0.6535 0.6403 0.5694 0.8092 0.8113 0.8345 0.6978 0.7830 0.8274 0.8406 0.9321
2k 0.5928 0.6244 0.6029 0.5510 0.7505 0.7557 0.7876 0.6545 0.6968 0.7937 0.8013 0.9132
Wiki10 3k 0.5703 0.6078 0.5815 0.5405 0.7567 0.7192 0.7417 0.6505 0.7197 0.7939 0.8023 0.9072
4k 0.5567 0.6008 0.5687 0.5364 0.7198 0.7105 0.7366 0.6556 0.7307 0.7944 0.7996 0.8989
5k 0.5502 0.5984 0.5651 0.5345 0.7087 0.7194 0.7350 0.6463 0.7228 0.7824 0.7865 0.8954

Datasets #label ‘ Ranking loss |

‘ BR CC RAKEL ML-ANN SLEEC SML SLL Deep-ML DNN-BCE C2AE DSLL Psit
3 0.3032 0.5336 0.2842 0.3157 0.2393 0.2253 0.1179 0.1051 0.1025 0.0881 0.0809 0.0228
6 0.2868 0.5786 0.2735 0.3337 0.2488 0.2189 0.0586 0.0571 0.0565 0.0569 0.0562 0.0655
MirFlickr 9 0.3366 0.6854 0.3194 0.3981 0.2186 0.2386 0.0672 0.0663 0.0609 0.0580 0.0570 0.0405
12 0.4011 0.7816 0.3784 0.4690 0.2692 0.2528 0.0877 0.0865 0.0857 0.0772 0.0750 0.0626
15 0.4209 0.7966 0.3873 0.4929 0.2857 0.2710 0.0899 0.0909 0.0837 0.0858 0.0812 0.0847
100 0.4135 0.6551 0.4550 0.6521 0.2333 0.2235 0.1438 0.0916 0.0890 0.0929 0.0830 0.0923
200 0.5115 0.8147 0.5603 0.7988 0.2712 0.2523 0.1771 0.1168 0.1217 0.1224 0.1140 0.1013
Delicious 300 0.5248 0.8303 0.5710 0.7918 0.2759 0.2594 0.1758 0.1093 0.1071 0.1073 0.1031 0.1003
400 0.5311 0.8360 0.5711 0.7978 0.2661 0.2608 0.1778 0.1102 0.1079 0.1050 0.1082 0.1058
500 0.5383 0.8435 0.5841 0.8096 0.2784 0.2679 0.1822 0.1109 0.1154 0.1094 0.1067 0.1096
200 0.1473 0.1281 0.1403 0.1787 0.0654 0.0743 0.0198 0.0879 0.0337 0.0205 0.0138 0.0062
400 0.2493 0.2048 0.2386 0.2880 0.1101 0.0901 0.0299 0.1062 0.0380 0.0274 0.0226 0.0099
EURlex 600 0.3468 0.2898 0.3494 0.4041 0.1552 0.1325 0.0404 0.1848 0.0562 0.0531 0.0313 0.0134
800 0.4072 0.3400 0.4384 0.4780 0.1871 0.1618 0.0483 0.1530 0.0609 0.0495 0.0330 0.0158
1000 0.4861 0.3960 0.4939 0.5619 0.2375 0.2085 0.0585 0.2326 0.0754 0.0721 0.0370 0.0171
1k 0.4746 0.4375 0.4213 0.5520 0.0918 0.1082 0.0867 0.2259 0.1011 0.0483 0.0421 0.0395
2k 0.6205 0.5642 0.5705 0.6818 0.2385 0.2052 0.1259 0.3373 0.2225 0.0648 0.0606 0.0614
Wiki10 3k 0.7324 0.6577 0.6823 0.7766 0.3306 0.2573 0.1897 0.3727 0.1911 0.0715 0.0642 0.0746
4k 0.8167 0.7246 0.7569 0.8424 0.4037 0.3029 0.2123 0.3899 0.1831 0.0751 0.0687 0.0901
5k 0.8538 0.7495 0.7941 0.8698 0.4313 0.4368 0.2234 0.4525 0.1972 0.0833 0.0816 0.1011
—6—BR —A—CC % RAKEL —4— ML-kNN —&— Deep-ML -7 - DNN-BCE - X- CA2E —5— DSLL —e— PsiT
¢
600} 30£
40y 207

micro-F1 (%)

©
S
|

4
0 1 T T 0 107 \ 1 \
6 9 12 15 100 200 300 400 500 200 400 600 800 1,000 1k 2k 3k 4k sk
m m m m
(a) MirFlickr (b) Delicious (c) EURlex (d) wiki1o

Figure 3: Performance comparison of learning new labels with different batch sizes by considering 50% of labels as past labels.

m indicates the number of new labels.
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Table 4: Comparison of modeling new labels with different batch sizes by considering 50% labels as past labels. #label denotes

Tong Wei, Wei-Wei Tu, Yu-Feng Li, and Guo-Ping Yang

the number of new labels. | (T) means the smaller (larger) the value is, the performance will be the better.

Datasets #label Coverage |

BR cC RAKEL ML-kNN SLEEC  SML SLL Deep-ML DNN-BCE  C2AE DSLL PsLt
3 | 0.4530 0.5721 0.4468 0.4570 0.4117 0.3913  0.3568 0.3435 0.3442 0.3334 0.3236 0.2181
6 | 0.3983 0.5815 0.3916 0.4249 0.3602 0.3472  0.2242 0.2247 0.2216 0.2213 0.2132 0.2060
MirFlickr 9 | 04611  0.6909 0.4552 0.5212 0.3651  0.3256  0.2321 0.2342 0.2286 0.2267 0.2153  0.1391
12 | 0.5654 0.7882 0.5639 0.6372 0.4714 0.4246 0.2836 0.2859 0.2751 0.2732 0.2601 0.1659
15 | 0.5817 0.8029 0.5733 0.6593 0.4954  0.4592  0.2862 0.2916 0.2809 0.2781 0.2663 0.2139
100 | 0.4587  0.6937 0.5420 0.6992 0.3084  0.2515 0.2208 0.1510 0.1454 0.1499 0.1302 0.1588
200 | 0.6147 0.8873 0.7399 0.8854 0.4399  0.3693  0.3408 0.2461 0.2281 0.2383  0.2210  0.2388
Delicious 300 | 0.6937 0.9518 0.8500 0.9486 0.5460  0.4366  0.4529 0.3167 0.2854 0.2934  0.2512  0.2910
400 0.738 0.9679 0.8871 0.9673 0.6044 0.5074 0.5147 0.3669 0.3277 0.3266 0.3245 0.3394
500 | 0.7716 0.9782 0.9232 0.9776 0.6626 0.4664 0.5708 0.3868 0.4150 0.3590 0.3189 0.3735
200 | 0.1517 0.1356 0.1461 0.1823 0.0729  0.0813  0.0223 0.0932 0.0374 0.0234 0.0160  0.0063
400 | 0.2588  0.2211 0.2529 0.2978 0.1250 0.1023  0.0360 0.1176 0.0444 0.0325 0.0270 0.0101
EURlex 600 | 0.3697 0.3242 0.3793 0.4280 0.1867 0.1439  0.0534 0.2127 0.0709 0.0669 0.0401 0.0144
800 | 0.4457  0.3950 0.4839 0.5200 0.2317  0.1817  0.0686 0.1874 0.0812 0.0670 0.0461 0.0174
1000 | 0.5408 0.4801 0.5679 0.6228 0.3102  0.2190  0.0988 0.3000 0.1076 0.1053 0.0948 0.0211
1k | 0.5116 0.4810 0.4577 0.5757 0.3551 0.2942  0.1222 0.2812 0.1413 0.0713 0.0635 0.0579
2k | 0.6751 0.6366 0.6251 0.7168 0.5469 0.3524 0.1954 0.4428 0.3217 0.1107 0.1037 0.1016
Wiki10 3k | 0.7963 0.7573 0.7461 0.8188 0.6819 0.4835 0.3184 0.5405 0.3322 0.1441 0.1317 0.1435
4k | 0.8838 0.8477 0.8339 0.8922 0.7937 0.5126  0.3933 0.6152 0.3726 0.1795 0.1674  0.1986
5k | 0.9187 0.8868 0.8798 0.9226 0.8463 0.6424  0.4423 0.7134 0.4236 0.2083 0.2125 0.2450

Datasets #label Precision@k (k=1) T
BR CC RAKEL ML-kNN SLEEC SML SLL Deep-ML  DNN-BCE C2AE DSLL Psit
3 | 03120 0.1723 0.3361 0.3269 0.3255 0.3574  0.4383 0.4580 0.4508 0.4642 0.4729 0.4445
6 | 0.1906 0.0134 0.2189 0.2813 0.2967  0.3353  0.4402 0.4508 0.4575 0.4558 0.4614  0.4920
MirFlickr 9 | 0.3908 0.3341 0.3937 0.4249 0.3658 0.3589  0.5031 0.5122 0.5305 0.5386 0.5511 0.4387
12 | 0.2780 0.1263 0.3068 0.3980 0.3845 0.4053  0.5842 0.5924 0.5972 0.6028 0.6035 0.4891
15 | 0.2708  0.1440 0.2765 0.3826 0.4369 0.3946  0.5785 0.5655 0.6001 0.6015  0.6020  0.5650
100 | 0.0776  0.1783 0.1852 0.1805 0.2914  0.2962  0.2967 0.3052 0.2659 0.3091 0.3099  0.3786
200 | 0.0553 0.1991 0.2251 0.2232 0.3694  0.3697 0.3704 0.3706 0.3651 0.3623 0.3712 0.5067
Delicious 300 | 0.0333 0.2791 0.2474 0.3108 0.4672 0.4798  0.4893 0.4386 0.4650 0.4898 0.4904 0.5676
400 | 0.0936  0.3463 0.2424 0.3425 0.5102  0.5382  0.5338 0.5268 0.5394 0.5130 0.5501 0.5799
500 | 0.0424 0.3312 0.2041 0.3372 0.5171 0.5216  0.5504 0.5140 0.5024 0.5278 0.5498 0.6018
200 | 0.0501 0.1124 0.1042 0.0636 0.1612 0.1601  0.1548 0.1357 0.1571 0.1641 0.1696 0.1743
400 | 0.0649 0.1755 0.1548 0.1031 0.2357 0.2474  0.2352 0.2132 0.2409 0.2516 0.2525 0.3041
EURlex 600 | 0.0853 0.2512 0.2132 0.1590 0.3225 0.3135 0.3138 0.2750 0.3386 0.3401 0.3497 0.4029
800 | 0.0943 0.3037 0.2303 0.1970 0.3711 0.3958  0.3657 0.3479 0.3830 0.3983 0.4117  0.4652
1000 | 0.1016  0.3546 0.2985 0.2406 0.4129 0.4363  0.4223 0.3874 0.4611 0.4732 0.4854 0.5315
1k | 0.2157  0.2269 0.2341 0.1196 0.3776 0.3853  0.4132 0.3094 0.3758 0.3626 0.4143 0.4384
2k | 0.2142 0.2304 0.2334 0.1261 0.3478 0.3909  0.3801 0.3171 0.3284 0.3927 0.4113 0.4472
Wiki10 3k | 0.2133  0.2491 0.2431 0.1356 0.3965 0.4087 0.4123 0.3253 0.3623 0.4076 0.4335 0.4561
4k | 0.2145 0.2573 0.2541 0.1548 0.4149 0.4252  0.4034 0.3464 0.3514 0.4265 0.4504 0.4777
5k | 0.2267 0.2922 0.2766 0.1750 0.4173 0.4184 0.4063 0.3581 0.3614 0.4388 0.4503 0.4981

methods fail to leverage the knowledge from past labels and the
learned classifiers. Although DSLL is able to learn high-order rep-
resentations using DNNs and takes advantage of the relationship
between past labels and new labels, the hidden structure between
labels is not well-explored. In the opposite, PSLT not only leverages
the correlations among labels but also explores the label structure.

Classification performance evaluation. Second, we compare
the performance of each method evaluated by bipartition-based
metrics, where the prediction of each label belongs to {0, 1} by
thresholding rather than a continuous values. Figure 3 demon-
strates the results with respect to micro-F1 with different batch size.
Results for several other bipartition-based metrics, e.g., hamming
loss, macro-F1, and instance-F1, can be found in the supplementary

materials. It can be observed that PsLT achieves the best perfor-
mance in most cases. Especially, PsLT outperforms others with a
large margin on Delicious and Wiki10 datasets. However, traditional
multi-label learning approaches, such as BR and ML-kNN, perform
poorly on datasets with a relatively large number of labels because
interrelationships among labels are not effectively explored.

6 CONCLUSION

In this paper, we study a novel problem setting called streaming
multi-label learning, in which most extant multi-label learning ap-
proaches cannot directly applied. To solve this learning problem,
we propose a new learning framework based on the probabilistic
label tree. The benefits are mainly in twofolds. First, it can naturally
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incorporate emerging new labels into the tree by taking advantage
of label correlations between past and new labels. Second, the node
classifiers modification procedure is efficient with an iteration com-
plexity bound and we further theoretically derive an estimation
error bound, which guarantees the learning performance of the
proposal. Experiments in comparison with eleven baselines on four
benchmark datasets verify the efficacy of our method.
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Appendices

Appendix A shows the proof of Lemma 1. Appendix B details the
proof of Theorem 1. Appendix C shows definition of evaluation
metrics. Appendix D presents additional empirical results.

A PROOF OF LEMMA 1

LEMMA 1. Assume £(-) in Problem (2) is a-Lipschitz and the op-
timal solution before and after incorporating emerging labels bew*
andw* respectively, which satisfy ||w*||2 < B and |[w*||2 < B. Then

N
FGw) = f(Gw") <4CaB Y 1(Gi=1) Allyi =-1)  (6)

i=1
ProoF. We can rewrite the LHS of Inequation (6) as

fGw) - f@w) =fGw)-f(yw)
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Note that the second term in Equation (7) is less than 0 because w*
minimizes the objective in Problem (2) with respect to y. We first
derive an upper bound for the first term and the bound for the last
term can be similarly achieved.
FGw) = f(yw) =R (w)-R(w)
N
+C ) (€ (Gaxi w*) = £ (yix] w'))
i=1
N
< e (gaxT w') - € (yixT w)|
i=1
N
:C H(yz¢y1)|f’xw)—f(xw)|

N
—_

™=z

IA

C I(y: # §:) a (2 |x;rw*|)

I
—_-

N
<2C ) 1(yi # §i;) aB
i=1

N
= ZCaBZ]I(g,- =1) Al(y; = -1)
i=1
The first inequality uses the fact a — b < |a — b| and the second
inequality uses the definition that ¢(-) is a-Lipschitz. The third
inequality is since |xlTw*| < ||xill2 - |[w*|]2 and the assumption
[w; < B.By considering that only additional positive samples

would be appended to y, we have 57 (y,9) =1(g; = 1) Al(y; = —1).

Lastly, we derive the same result for the third term in Equation (7)
and complete the proof. O

B PROOF OF THEOREM 1

THEOREM 1. Assume £(-) is a-Lipschitz and we have a solver A
with sublinear convergence rate that can solve each subproblem k
Flowwi)-f (o3

=z iterations. We can

with € precision in T, = O

bound the total number of iterations of the node classifier modification
K ¢ Uic, A,

procedure by Typa1 = 2115:1 T, =0 (M) -0 (%)

where Ay = Zfil I(g; = 1) Al(y; = —1). However, under a naive

zeros initialization withﬁzz = 0, the upper bound is Ty, = Zle T =
NK
o(XE).
Proor. According to Lemma 1, we have

Tiotal = Z Te =0 i (f (gk’ wi) -f (i)k, WZ))

o K 4t (k. yi) CaB
eP

-0 SN IV = 1) AI(Ye; = —1)
= D
By denoting A = Zgl I(§; = 1) A I(y; = —1), we complete our

proof for the first iteration complexity. To prove the bound for naive
zeros initialization, recall that f (§,0) — f (§,w*) < 4¢y (y,y) CaB
which is upper bounded by < CN?#(g,0). Since C and ¢(y,0) are
typical far less than N in multi-label learning, the best upper bound

Tong Wei, Wei-Wei Tu, Yu-Feng Li, and Guo-Ping Yang

for f (§,0) — f (§,w") is O(N) Therefore, combining the bound

for Ty, we have Tiota1 = Zk k=0 (1\6’5) O

C EVALUATION METRICS

Given a data set D = {(x1,v1), ... (Xn,yn)}, where x; € R4x1
is a real vector representing features and y; € {0,1}™*! is the
corresponding output label vector. For notational simplicity, we
use Y;" to denote the index set of associated labels of y;. Formally,
Y = {jlY;; = 1} and Y;, = {j|¥;; = 0}. With respect to j-th
column of label matrix, Y7, = {i|¥;; = 1} denotes the index set of
associated instance of the j-th label and Y‘; = {i|Yjj = 0} denotes
the set of non-associated instances. Table 5 summarizes evaluation
metrics used in this paper. Let H : R? — {0, 1} be a multi-label
classifier and can be decomposed as {h!, ..., h"™}. H can be evaluated
by bipartition-based metrics. F is the multi-label predictor, whose
predicted value could be regarded as the confidence of relevance
and can be evaluated by ranking-based metrics.

Table 5: Definitions of multi-label performance measures.

Measure | Formulation
Hamming I v,
loss hloss(H) = — ;;H{h £yl
18 ISE L
1 F)= - ran
ranking loss rloss(F) n ; YIS
S = 1w o) [fu(xi) < fo(xi), (wo) € Vi x ¥;}
l n
coverage coverage(F) = — ZI{ max rankg(xj, j)}
n3 jEY;
2YinT i
. Precision@k(F) = 1 Z l'kiw
Precision@k n & k
Tre(F(x) = Gl (xi) € Tie(f1 (xa), oo £ (x2)) }
o 23 vijhi
macro-F1 -F1(H #
macro-F1(H) = Z Z, lyu+zl h
h;
micro-F1 micro-F1(H) = Z Zl 1 Y
e Xy Yij + Z5L Dy hij
. n yijhij
instance-F1 tance-F1(H) = I
instance-F1(H) = Z Zm . +Zj )
) [Smicro |
micro-AUC(F) = —————
micro-AUC oA = WD - (S WD
Smicro = {(a,b,1, j)1(a,b) € Y] x Y7, fi(xa) 2 fj(xp)}

D ADDITIONAL EXPERIMENTAL RESULTS

e Figure 4 shows the macro-F1 and instance-F1 results for
learning new labels with different batch size. Note that SLEEC,
SML and SLL could not properly generate bipartite classifi-
cation results, hence it is not possible to evaluate the results
with the F1 score.

e Table 6 shows the performance in terms of hamming loss.
Note that SLEEC, SML, and SLL could not properly generate
bipartite classification results, hence it is not possible to
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evaluate the results with hamming loss. Additionally, due to the sparsity of feature space, hamming loss is homogenized
on EURIlex and Wiki10.
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Figure 4: Comparison of modeling new labels by considering 50% labels as past labels. m indicates the number of new labels.

Table 6: Comparison of modeling new labels with different batch sizes by considering 50% labels as past labels. #label denotes
the number of new labels. |[(T) means the smaller (larger) the value is, the performance will be the better.

Datasets #label ‘ Hamming loss |

‘ BR CC RAKEL ML-kNN  Deep-ML  DNN-BCE C2AE DSLL PsLt
3 0.3807 0.2744 0.2708 0.3066 0.2487 0.2447 0.2262 0.2175 0.0873
6 0.3201 0.1695 0.1689 0.1946 0.1542 0.1441 0.1477 0.1393 0.0851
MirFlickr 9 0.2749 0.1553 0.1555 0.1642 0.1459 0.1373 0.1277 0.1203 0.0819
12 0.2839 0.1679 0.1691 0.1718 0.1523 0.1355 0.1351 0.1294 0.0740
15 0.2845 0.1569 0.1579 0.1627 0.1482 0.1179 0.1305 0.1261 0.0854
100 0.4042  0.0140 0.0142 0.0155 0.0357 0.0154 0.0158 0.0146 0.0163
200 0.4069  0.0131 0.0135 0.0144 0.0321 0.0140 0.0141 0.0139 0.0160
Delicious 300 0.4035 0.0156 0.0164 0.0176 0.0458 0.0172 0.0160 0.0153 0.0156
400 0.4103 0.0167 0.0179 0.0178 0.0401 0.0174 0.0172 0.0166 0.0159
500 0.4139 0.0173 0.0199 0.0181 0.0411 0.0174 0.0175 0.0170 0.0159
200 0.0095 0.0016 0.0013 0.0013 0.0018 0.0012 0.0012  0.0012  0.0012
400 0.0069 0.0014 0.0012 0.0011 0.0023 0.0010 0.0010  0.0010 0.0012
EURlex 600 0.0077 0.0015 0.0013 0.0010 0.0024 0.0010 0.0010  0.0010  0.0010
800 0.0074 0.0014 0.0013 0.0011 0.0023 0.0010 0.0011 0.0010  0.0010
1000 0.0078 0.0015 0.0013 0.0012 0.0021 0.0010 0.0010  0.0010  0.0010
1k | 0.0010 0.0011 0.0010 0.0010 0.0010 0.0011 0.0011 0.0010 0.0009
2k | 0.0007 0.0008 0.0007 0.0007 0.0007 0.0008 0.0007 0.0007 0.0006
Wiki10 3k | 0.0007 0.0008 0.0007 0.0007 0.0007 0.0008 0.0007 0.0007 0.0006
4k | 0.0007 0.0008 0.0007 0.0007 0.0007 0.0008 0.0007 0.0007 0.0006
5k | 0.0007 0.0008 0.0007 0.0006 0.0007 0.0008 0.0007 0.0007 0.0006
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